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This paper uses the classical theories of liquid crystal physics to formulate the Young-Laplace equa- 
tion of capillary hydrostatics for interfaces between viscous isotropic (I) fluids and nematic liquid 
crystals (NLC's). The equation provides an expression of pressure jumps across interfaces and deter- 
mines the geometry of the interface. In addition, the force balance equation at a capillary point or line 
singularity containing a nematic surface defect is also derived from first principles. It is shown that 
the areal pressure balance and the line or point force balance equations provide a complete set to 
determine the geonietry of an interface containing a defect. A new expression for the Peach-Koehler 
force for surface defects is developed. The contribution of the surface Peach-Koehler force to areal 
pressure balances is also identified. The equations are applied to solve for the interfacial geometry of 
a NLC whose free-surface contains a point defect. Consistency of the new approach developed in this 
paper with previously presented results is demonstrated. 

Kqywords: Young-Laplace equation; nematic liquid crystals; capillarity singularity; free-surface 
defects: interfacial geometry 

1. INTRODUCTION 

The determination of interfaciz,. shapes and free-surface reliefs is a fundamental 
problem in interfacial science, and it plays a role in phenomena such as wetting, 
spreading, surface waves, nucleation, coagulation [ 11. In static conditions the 
determination of the interfacial geometry is usually found by either the minimi- 
zation of the total surface energy or equivalently by using the normal stress 
boundary condition, known as the Young-Laplace equation. On the other hand, 
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(4 AT EJANDRO L) RE\ 

under dynamic conditions the normal stress boundary condition is the on14 avail- 
able method. In liquid crystalline interfaces under static conditions all the effort 
has been devoted to the free-energy method. but not much attention has been 
directed to the stress boundary condition approach. The details of this method 
and its application to nematic droplets has been given by Virga [2]. This method- 
ology is effective to determine complex shapes and it is readily extended to 
non-equilibrium conditions. The rest of this paper restricts the discussion to 
static conditions. 

General interfacial theories for NLC/I interfaces have been presented in the lit- 
erature [3-141, but the complete and specific form for the Young-Laplace equa- 
tion. necessary for a better understanding of inteifacial phenomena in liquid 
crystalline materials, has apparently not yet been given and analyzed. For a 
recent review, see reference 3. A number of technological and scientific appljca- 
tions involving nematic interfaces can be found in the literature [3.14.15]. 

The noniial stress houndary condition involving nematic liquid crystals 
involves a number of elastic effects that arc absent in isotropic viscous fluids. For 
NLC. bulk energies contain p d i c n t  (Frank elasticity). gravitational. and mag- 
netic contributions [16]. and suiface cnergics contain anchoring and gradient 
(splay-hend) contributions [3] .  Thus the stress boundary conditions will gener- 
ally be a force balance originating from these five energies. As shown below. the 
generalized Young-Laplace equation is a coinpact and clear expression of this 
balance. To apply the Young-Laplace equation the director field that defines the 
orientation in the NLC must be known or solved for. using the equations of 
nematostatics [ 161. 

A characteristic of NLC is the display of disclination and point defects in the 
bulk, interfaces. and free surfaces [16]. In the latter case, capillarity interacts 
with the nematic orientation field, giving rise to  specific free-surface reliefs 
116.171. An example of periodic frec-surface pattern formation aiises in NLC's 
with a free-surface subjected to magnetic fields. or thin films supported by a 
solid with hybrid orientation boundary conditions at the solid and free-surface 
I I7,18]. The system displays a periodic array of point defects arranged in an hex- 
agonal lattice, and the surface relief displays a corresponding lattice of pimples 
and dimples, whose characteristic lensth scale is in the micron siLe scale. The 
periodic surface pattern is easily detected by optical means. Although the proh- 
lem has been solved using the free energy minimization method, in this papcr we 
show the alternative method using the nematic Young-Laplace equation. show- 
ing how this approach may be used to determine interfacial and free-surface 
geometries in the prescncc of several free-energies. 

Capillary systems with singularities arise in diverse interfacial systems. such as 
pinching in pendant droplets, and comer singularites in grain-boundaries 1181. In 
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GENERALIZED YOUNG-LAPLACE EQUATION 65 

the problem described above, an array of free-surface point defects, at the loca- 
tion of the defect we have a double capillary-orientation singularity. This kind of 
problems are characteristic of liquid crystalline materials and in the past 
[16,17,18] they have been Analyzed with the free energy method. The presence 
of a capillary singularity, such as a cusp, has been analyzed for isotropic [ 191 and 
liquid crystalline materials 191 using the edge boundary condition corresponding 
to the areal normal-stress boundary condition. More specifically, the corner or 
cone angle in a cusp is determined by a force balance involving the surface stress 
tensor. For NLC the surface stress tensor involves anchoring [20,21] and sad- 
dle-splay contributions. For the problem at hand, a free-surface defect at a capil- 
lary singularity, the interfacial force balance must include the Peach-Koehler 
force [22,23,24] acting on the free-surface defect. In this paper we show how to 
formulate force balances at double capillary-orientation singularities. 

The objectives of this paper are: (1) to present the generalized Young-Laplace 
equation for nematic free-surfaces and its boundary condition, ( 2 )  to apply these 
eqations to the case of a free-surface defect in a nematic liquid crystal film, (3) to 
provide an alternative method to determine interfacial and free-energy 
geometries that can be extended to non-equilibrium cases. 

The organization of this paper is as follows. Section 2 presents the well-known 
free enrgies in NLC's. Section 3 presents the generalized Young-Laplace equa- 
tion for interfaces between NLCS and viscous isotropic fluids. A discussion of 
the different components of the nematic surface stress tensor is included. The 
identity of all the terms appearing in the Young-Laplace equation is discussed. 
Section 4 presents the force balance equation that applies to capillary-orientation 
singularities, such as a surface disclination line on an edge or a point defect on a 
cusp. The Peach-Koehler stress tensor that gives the force acting on a surface 
defect is formulated. Section 5 uses the two equation formulated in this paper, the 
Young-Laplace equation and the force balance at a double-capillary-oirentation 
singularity, to analyse the interfacial geometry of a free-surface point defect. 
Section 6 gives the conclusions. 

2. LIQUID CRYSTAL FREE ENERGIES 

Consider the interphase between an isotropic viscous fluid and a uniaxial 
rod-like nematic liquid crystal. The system is isothermal, and both phases are 
incompressible. The interphase is assumed to be elastic. Assume that a NLC 
occupies region R", and that an isotropic viscous fluid region R'. The NLC struc- 
ture is given by the director n, which is a unit vector representing the average 
molecular orientation. The orientation of the interface between the NLCh 
regions is characterized by a unit normal k, directed from R" into R'. The total 
free energy of the NLC is given by: 
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66 ALEJANDRO D. REY 

F = F,I + Fa,, + F,, + F, + F,,, ( 1 )  

where F,, is the elastic, Fan the anchoring, Fi, the isotropic free energy, F, the 
gravitional, and F, the magnetic energy. The elastic free energy F,,, also known 
as Frank energy, contains long range gradient contributions and is given by. 

F,, = / f,, d1' + / f, tlS ( 2 )  

where the bulk fb and surface f, gradient free energy densities are I3.91: 

1 .  
f, = 5(k?l + I<Jl)h g.  h = (n T $ ) n  - n(T'  n) 

where ii=l1,11.33.24, are the splay, twist, bend. and saddle-$play (Frank) 
constants. and h ic the surface gradient energy density vector. The anchoring 
energy Fa,, arices from deviations of the director from the preferred orientation, 
or eary axis [91: 

where yan is the anchoring energy density, known as the Rapini-Papoular 
energy2 for C>O (C<O) the preferred orientation is tangential (normal) to the 
interface. The isotropic free energy Fi, is the surface integral of the usual iso- 
tropic interfacial tension yis. The total surface free energy density y is thus the 
sum of isotropic, anchoring, and gradient. contributions: 

';. = Tib + :I,,, + f, ( , j j  

The director-dependent magnetic free-energy density f,,, is given by: 
1 
2 ! G I  

where xn is the anisotropic magnetic susceptibility and H is the magnetic field. 
The gravitational free energy density is: fg = pr. where p is the mass density, and 
T the gravitational potential. 

f i l l  - - -  - t a ( n .  H)' 

3. THE YOUNG-LAPLACE EQUATION FOR NEMATIC INTERFACES 

The interfacial stIess boundary condition at the NLC/I interface is expressed by 
I .  

- k .  (TI - T") z yc . t i7J 
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GENERALIZED YOUNG-LAPLACE EQUATION 67 

where T'/" is the total stress tensor in the two bulk phases, and t is the surface 
stress tensor. The bulk stress tensors are given by [9]: 

where pi/* are the hydrostatic pressures, TE is the Ericksen stress tensor, 
(t7n);. = Ojni. The surface stress tensor t for the NLC/I is given by the sum of 

the normal (tension) stresses tN, the bending stresses tB [ll], and distortion 
stresses tD: 

N N  The surface normal stresses tN are the usual tension stresses (t 11, t , ~ )  present in 
all fluid interfaces; here 1 and 2 refer to directions of an orthonormal surface 
base coordinate system[ 11. The asymmetric bending stress tensor tB has no ana- 
logue in three dimensions, and only have 13 and 23 components (ty3,tf3) 
Bending stresses are proprtional to the anchoring coefficient C and to the 
splay-bend modulus K22+K23. The asymmetric distortion stress tensor tD is the 
analogue to the bulk Ericksen stress TE and contains normal (tFl, t:!) and shear 
components (tE, tFl). Surface distorion stresses are proprtional to the 
splay-bend modulus K22+K24. In the absence of curvature, only forces arising 
from the divergence of the bending stresses (G, . t:) act along the unit normal 
k. Thus the presence of finite anchoring and surface gradient energy produces 
normal forces to the interface. 

To obtain the Young-Laplace equation for NLCA interfaces we substitute eqns. 
(8,9) into equation (1) and project the result along k, and find 

where H = -V,.W2 is the mean curvature. The excess pressure or "pressure 
jump" is a function of the bulk free energy fb, the Ericken stress TE, the surface 
free energy density y, and the surface stress tensor t. An important observation is 
the terms contributed by the saddle-splay energy f, are of the same functional 
form as those from anchoring energy. In terms of the nematic free energies given 
in eqns. (4,5,6), the Young-Laplace equation becomes: 

& , [ 2 H ( n .  k )  + G, . n] - T;*[kn : G,n  - nn : b]- 
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6S ALEJANDRO D. REY 

where -fan=C (n.k), fan=C. b=V,k, and nn:b=CCninjbji. 

The distinguishing feature of the nematic interface in comparison with an iso- 
tropic interface is brought forth by analysis of the Young-Laplace equation. We 
find that in constrast to isotropic interfaces, the nematic interface is characterized 
by an internal length 3- =y/K, where K is an average Frank elastic constant. 
Accordingly, bulk and surface nematic distortions couple to interfacial curvature, 
such that when the internal length scale is much bigger than the external (system 
size,) scale. curvature is preferred to nematic distortions. On the other extreme, 
when the internal length scale is much smaller than the external scale. flat inter- 
faces with nematic distortions are energetically favorable. Equation ( 10) pro- 
vides a framework to design and interpret experiments aimed at creating surface 
roughening and patterning using nematic distortions. 

4. FORCE BALANCE EQUATIONS FOR CAPILLARY-ORIENTATION 
SING U LARlTl ES 

The generalized Young-Laplace equation is an areal stress balance equation. 
whose solution requires a boundary condition. Typically. the bounday condition 
is the specification of the contact angle. For a two-phase system, and in the 
absence of a defect, the force balance at a capillary singularity is simply the bal- 
ance between the two corresponding surface stress tensors: 

(12)  

where the vl.' are the unit surface vectors pointing away from the point or edge. 
and the k'.2 are unit normals to the two interfaces at the point or edge. Figure 1 
shows a capillary singularity with a non-singular director field. at which eqn.( 13) 
holds. In this case, at the singularity the unit normal is not defined since k' and 
k' are distinct. This case occurs in the presence of weah anchoring, when the 
director surface orientation is not fixed. Thus for this case we have a capillary 
singularity with a non-singular director field. 

. t ( k ' )  + 1)'. t(k') 1 0  

c 

FIGURE 1 Schematic o fa  capillary singularity with a non-singular director field. At the capil1ai-y sin- 
gularity the force balance equation is given in ternis o f  the curface stress tenwi.  This situation xis,-< 
i n  thc presence of  weak director anchoring 
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GENERALIZED YOUNG-LAPLACE EQUATION 69 

FIGURE 2 Schematic of a capillary-orientation singularity. At the capillary singularity there is also a 
nematic defect. For a capillary singularity corresponding to an edge the nematic defect is a disclina- 
tion line. For a capillary singularity corresponding to a cusp the neaiiitic defect is a point defect. The 
double capillary-orientation singularity arises with strong director anchoring 

The presence of a nematic surface defect in conjunction with a capillary singu- 
larity is shown in Fig. 2.  In this case the unit normal and the director are simulta- 
neously undefined. The presence of this double singularity occurs when the 
director surface orientation is fixed with respect to the surface unit normal. This 
double singularity is denoted here by capillary-orientation singularity. The pres- 
ence of an interfacial orientational defect introduces an additional force in 
eqn.(12), known as the Peach-Koehler force CD: 

U' . t(k') + ~9~ . t(k2) + @ = 0 (13) 
In the case of planar director anchoring, when n.k' = n.k2 = 0, the surface 

stress tensor appearing in eqn.( 13) reduces to t=tN. Peach-Koehler forces in NLC 
acting on defects located in the bulk have been discussed in the literature 
[22,23,24]. For example when a defect is embedded in an orientation inversion 
wall created by a magnetic field, the Peach-Koehler force is twice the surface 
tension (magneto-elastic energy per unit area) of the wall and is directed along 
the imposed magnetic field, such that if the defect moves in that specific direc- 
tion the director field left behind has uniform orientation parallel to the imposed 
magnetic field [24]. When the defect is at a free-surface and arises by the imposi- 
tion of a magnetic field normal to the surface, the Peach-Koehler forces are also 
given by the magneto-elastic energy per unit area and are directed normal to the 
surfaces whose intersection defines the defect. The geometry or the interfaces and 
the corresponding director field for the case of planar fixed director anchoring is 
defined in Fig. (2) .  In this case we can write the total Peach-Koehler force @ as: 

@ = v1 . Q(kl)  + v2 . @(k2): 
0 

(14, n,b,c) 
@(k') = v'k' J' (fl, + fnl)  dz: Q(k2) = v2k2 / ( fb  + f,ll) dz 

-m -m 
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70 ALEJANDRO D. REY 

where z is measured in a direction normal to the interface. \IJ is the surface 
Peach-Koehler tensor, and all vector quantities are evaluated at the singularity. 

FIGURE 3 Schematic of the geonletry and coordinate system for a capillarypoint defect singularity. 
The adopted coordinate system is cylindrical (r,cp.zl. since there IS axial symmtery. The distance from 
the undisturbed height to the free-surface is h (r). The director orientation at the surface i s  fixed and 
tangenti+ The double singulmty IS located at (r=O). The tangential vector away from the singularity 
are \'-, and the cotresponding unit nomials are k'.k' 

Now we recall that the surface stress tensor contributes to a force at a capillary 
singularity equal to the projections of the surface stress tensors along the inter- 
secting surfaces: .Xu i.ti, while at a surface it contributes to a capillary pressure 
equal to the normal projection of the surface divergence of the surface stress ten- 
sor: (V,.t).k. In a similar way, the surface Peach-Koehler tensor contributes to a 
nematic pressure equal to: 

pn = (Yb.*).k 113) 

0 

(16) 
Y 

A surface disclination line gives no contribution. since the surface divergence 
of the unit tangent vector is zero: (Vs.\p) = 0. On the other hand for a surface 
point defect. we find using a cylindrical coordinate system (r. 9.z) the additional 
pressure is finite and given by: 

(L< . 'PI . k = (L5 . 11) (6, + f,,,) (17, 
-x I 

I ,  
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GENERALIZED YOUNG-LAPLACE EQUATION 71 

where h'=dh/dr, and h (r) is the height of the free-surface measured from the 
undistorterd interface. When h'< 1 this equation representing the hydrostatic 
pressure p" simplifies to: 

Thus the concept of the Peach-Koehler force in bulk nematic defects is also 
applicable to interfacial defects, such that forces on surface defects contribute to 
pressures on the underlying interfaces. The hydrostatic pressure is given by the 
projected surface divergence of the surface Peach-Koehler tensor (eqn.( 18)), and 
the force at a surface defect is given by the projected surface Peach-Koehler ten- 
sor (eqn.( 14a)). 

5. FREE-SURFACE DEFECT IN NEMATIC LIQUID CRYSTALS UNDER 
A MAGNETIC FIELD 

As an example of the use of the Young-Laplace equation (10) and the surface 
Peach-Koehler force (14a). we analyze the existence of a single free-surface 
point defect in the presence of a magnetic field and gravity. This case has been 
analyzed using the minimization of the free-energy and its results have been con- 
firmed experimentally. The present discussion gives an alternative view that may 
be useful in other geometries and non-static conditions. The geometry is defined 
in Fig. (3), and we follow the director field analysis provided in the literature 
[ 181. We shall adopt the one constant approximation: K ,  1=K22=K33=K. The 
undisturbed nematic surface is located at z=O, and the NLC lies in the region z<O. 
A magnetic field H is applied along the z-axis and far from the interfaces the 
director n is parallel to H, while at the free-surface the director is parallel to the 
surface. The application of H causes a displacement h (r). The director field is: n 
(r.cp,z)= (sin0,O, cos 0). The total bulk magneto-elastic free energy density is: 

where 6 is the magnetic coherence length, E = a / H .  Minimization of the 
total magneto-elastic energy with 0 (: 4 -a) = 0 leads to: 
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72 ALEJANDRO D. REY 

The total magneto-elastic energy per unit m i l  is thcn: 
Cl 

I< 
(f,, + f,,,) dz = (21 ) I F 

- - x  

For the present geometry and tangential director boundary conditions the 
Young-Laplace equation becomes: 

Furthermore using equation (20) we find that: 

himplifying eqn.c 2 2 )  to: 

1)' - p" = -fR + 2Hf-i,) 

For the prescnt geometry: f, = pgh, and for h'< 1 the curvature 2H is: 

.. I he capillary pressure pn is given: 

Neglecting the constant ambient pressure, we finally find the shape cquation 
for h(r): 

Introducing the capillary length h=(yis/pg)L". the equation beconies identical 
to that found by the energy method [IS]: 

t I  1 ( 1  , 
A? I' (11. 

-; (&) = -- +- --(Ih t 

To find the boundary condition for this equation we use the force balance cqua- 
tion ( 13) at the sin_plarity: 
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GENERALIZED YOUNG-LAPLACE EQUATION 73 

Taking the projection of this equation with the unit vector along z we get: 
I-i 
F 

- 2 y ; , s i n ~ + 2 - c o s ~ = O  

which defines the angle E of the singularity with the horizontal (r) direction: 
K 

?is€ 
tan& = - 

which for ~ 4 1  reduces to E=W(Y~, 6) .  The angle E is given by the ratio of the two 
surface energies and although it was just stated in the literature [16,18], the 
method developed in this paper provides another derivation. The solution of 
eqns.(28) is found in [IS] and is quoted here for completeness: 

iTp 
P 

0 

The Young-Laplace equation offers a simple and direct way to compute inter- 
facial geometries. In the case of capillary-orientation singularities, application of 
the force balance equation at the singularity determines the shape of the singular- 
ity, also in a direct maner. The concept of Peach-Koehler force already used in 
describing forces in bulk defects, proves useful in analyzing surface defects. 

6. CONCLUSIONS 

The determination of interfacial geometry is important in variety of multiphase 
and capillary problems. In systems involving nematic liquid crystal phases the 
static interfacial geometry can be determined using free energy minimization or 
by the direct use of the generalized Young-Laplace equation. The latter is a nor- 
mal stress balance equation in which all the bulk and surface free energies appear 
as contributions to stresses. This method of surface relief and interfacial geome- 
try determination in the future can be extended to treat dynamic problems. such 
as wetting and surface waves. 

The boundary conditions needed to solve the Young-Laplace equation is a 
force balance equation involving the surface stress tensor. For nematics the sur- 
face stress tensor contains tension, bending, and distortion stresses. In the pres- 
ence of a capillary singularity such as an edge or a cusp with weak director 
anchoring the force balance only involves the surface stress tensor. On the other 
hand when the capillary singularity is also an orientation singularity, such as a 
disclination line on an edge or a point defect on a cusp, the force balance also 
contains the surface Peach-Koehler force acting on a defect. In this paper we 
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74 ALEJANDRO D. R E Y  

have identified the nature of the surface Peach-Koehler force acting on a surface 
defect by formulating a surface Peach-Koehler stress tensor. In addition. we have 
shown that the surface divergence of the Peach-Koehler stress tensor gives rise to 
an hydrostatic pressure acting on the underlying surface on which the defect is 
located. The complete interfacial stress balance and point force balance formula- 
tion was applied to the case of a free-surface point defect in a nematic liquid 
crystal, and the results were shown to be consistent with those found by the 
energy method. 

The framework developed here is general and can be applied to nematic interfa- 
cial problems in any geometry, containg capillary and/or orientation singularities. 
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